We investigate the finite-size corrections of the entanglement entropy of critical ladders and propose a conjecture for its scaling behavior. The conjecture is verified for free fermions, Heisenberg and quantum Ising ladders. Our results support that the prefactor of the logarithmic correction of the entanglement entropy of two-dimensional critical models is universal and it is associated with the central charge of the one-dimensional version of the models and with the number of branches associated with gapless excitations. Due to this fact, it is possible to infer whether there is a violation of the entropic area law in two-dimensional critical systems by analyzing the scaling behavior of the entanglement entropy of ladder systems, which are easier to deal.
We investigate the finite-size corrections of the entanglement entropy of critical ladders and propose a conjecture for its scaling behavior. The conjecture is verified for free fermions, Heisenberg and quantum Ising ladders. Our results support that the prefactor of the logarithmic correction of the entanglement entropy of two-dimensional critical models is universal and it is associated with the central charge of the one-dimensional version of the models and with the number of branches associated with gapless excitations. Due to this fact, it is possible to infer whether there is a violation of the entropic area law in two-dimensional critical systems by analyzing the scaling behavior of the entanglement entropy of ladder systems, which are easier to deal. Introduction. Entanglement is a very peculiar property of composite systems which has intrigued the physicists since the beginning of quantum mechanics. The entanglement is a fundamental ingredient to teleport quantum states and it is also an important key in quantum computation and quantum information [1] . Among the various quantifiers of entanglement, the entanglement entropy (EE) is one of the most used since it is sensitive to the long-distance quantum correlations of critical systems.
In the last years, physicists working in distinct areas (such as quantum information, quantum field theory and condensed matter) have made a great effort to understand the scaling behavior of the EE of bipartite systems. In particular, the violation of the entropic area law has been a highly debated issue in recent years [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . The EE of two composite subsystems A and B is defined as the von Neumann entropy S A = −Trρ A ln ρ A , associated to the reduced density matrix ρ A = Tr B ρ. Since S A = S B , the information is shared only among the degrees of freedom localized around the surface ("area") separating both systems, due to this fact it is expected that the EE of cube A with side ℓ behaves as S A ∼ ℓ d−1 , where d is the dimension. Indeed, this scaling behavior is expected for gapped systems [17] and was also observed for some critical systems (see Ref. 13 and references therein). On the other hand, some models such as the one-dimensional critical systems [18] , the free fermions systems with a finite Fermi surface in any dimension [7, 8] , the twodimensional (2D) Heisenberg model [19, 20] and the 2D conformal critical systems [21, 22] present beyond the ℓ d−1 correction a logarithmic term.
It is well known that the prefactor of the logarithmic correction of critical one-dimensional systems of size L is universal and it is associated with the central charge c by the following equation [18] A B (a) Figure 1: (Color online) Illustration of six-leg ladders divided into two entangled blocks. In (a) the subsystem A is immersed in the middle of the system while in (b) the subsystem A is in corner of the ladder. We also present the labels of the sites.
where ℓ is the size of the subsystem A, a is a non-universal constant and η = 1(2) for the systems under periodic (open/fixed) boundary conditions. Note that other subleading corrections exist and are related with the scaling dimensions [23] . For any dimension d, it is expected the following general behavior for the EE of a cube A with side ℓ (see Fig.  1 )
In this work, we determine numerically C(ℓ) for some quantum ladders and found that it is universal. The Nleg ladders are characterized N parallel chains coupled one to each others [24] . The N -leg ladders are easier to deal than the two-dimensional systems and can be used as a simple route to study the EE of the two-dimensional systems. Here, we consider ladders composed of the following critical chains: free fermions chains, Heisenberg chains and the Ising quantum chains.
Although most of the works done in the literature consider the subsystem A immersed in a "reservoir", as illustrated in the Fig. 1(a) , for ladder systems is convenient to consider the subsystem A in the corner of the ladders [see Fig. 1(b) ]. Our main aim is to present a conjecture to the scaling behavior of the EE of critical ladders. Surprisingly, we verify that the finite-size corrections of the EE of quantum ladders are very similar to those of critical chains [Eq. (1)]. Consider a ladder system composed of N quantum chains of size L, and let ℓ be the number of sites of the block A labeled as Fig. 1(b) . We propose that the scaling behavior of the EE of critical ladders is given by
where c is the central charge (of the quantum chain used to build the ladders), N gl is the number of dispersion branches associated with the gapless excitations for a given energy (for fermions systems it is the number of gapless modes that cross the Fermi level and for the Heisenberg ladders is the number of Goldstone modes), η x =1 (2) for ladders under periodic (open/fixed) boundary in the x direction and A, B and a j are non-universal constants. The last term in the above equation is an ansatz that we use which has been shown to be efficient for describing the oscillations of the EE. The above conjecture indicates that the prefactor of the logarithmic correction of the EE of two-dimensional critical systems is universal and it is related with the universality class of critical behavior of the chains that are used to build the quantum ladders. Note that for gapped systems N gl = 0 and the Eq. (3) tell us that the entropic area law holds in this case, as expected. Below, we present results for critical ladders that support our conjecture. Free Fermions Ladders. Let us first consider a freefermions ladders whose Hamiltonian is given by
where the dispersion is
and the symbol * means that the sum is restricted to the momenta below the Fermi level. The momenta are given by [open] boundary condition in x and y directions, respectively. The variables j x and j y are integers and its values depend on the boundary conditions. In the case of free fermions systems it is possible to determine the EE for very large systems by using the correlation matrix method [25] . Note that in principle it is N ln L + B, which imply that the entropic area law is broken for the half-filling case. Indeed, this was observed in free fermions systems [5-7, 11, 27] . In Fig 3(a) , we present S(ℓ) as function of ℓ for a cluster of size 4 × 750 with PBC [OBC] in the x [y] direction and three values of densities. As we observe, the data obtained by the correlation matrix method agree perfectly with the conjecture proposed [Eq. (3)]. In the fitting procedure, we used c = 1 (which corresponds to the central charge of the one-dimensional chain) and the values of N gl used were obtained counting the number of gapless modes that cross the Fermi level, as illustrated in Fig. 2 . Similar agreements are found for several other ladders, as shown in Fig. 3(b) .
In order to understand the contribution of the first term of Eq. (3), we present in Fig. 3(c) Fig. 3(c) ]. If we impose an ansatz for S(ℓ) similar to the Eq. (1) and use the fact that S(ℓ) is continuous at ℓ = N , we realize that the EE must behave as Eq. (3). This is very interesting, since in principle we can obtain the prefactor A by studying the behavior of S(ℓ) for ℓ < N , which is easier to obtain. 
where S i,j is the spin-S operator at the i-th leg and j-th rung. We have set J = 1 to fix the energy scale. It is well known that the N -leg spin-S Heisenberg ladders is gapless (gapped) if SN is semi-integer (integer) [24, 28] , see also the Ref. 29 and references therein. Here, we focus in the case of critical ladders, i. e. SN is semi-integer. For the Heisenberg ladders case, we obtained numerically the EE by using the density-matrix renormalization group (DMRG) [30] . For simplicity we consider only OBC in both directions. The spin-S Heisenberg chains with semiinteger spins have central charge c = 1 [31] . Besides, based in the spin wave approximation it is expected that the dispersion of the 2D Heisenberg model has one Goldstone mode E(k) ∼ k 2 x + k 2 y . Since the number of legs N is finite, the values of k y are discrete. Due to this fact, in analogous to the free fermions case, there is just one dispersion branch (E(k x , 0) ∼ |k x |) associated with gapless excitations that crosses the energy of the ground state, i.e. N gl = 1. In Fig. 4(a) , we display the S(ℓ) as function of ℓ for the Heisenberg ladders with spins S = 1/2 and S = 3/2. Similar to the free fermions case, the Eq. (3) reproduces quite well the scaling behavior of S(ℓ) if we use c = 1 and N gl = 1. Note that in this case, it is not expected a violation of the entropic area law. The EE for large values of N and L should behave as S(ℓ = N L/2) = AN + 1 6 ln L + B. In fact, the Monte Carlo simulations [19] as well as the DMRG results [20] show a similar behavior.
Quantum Ising Ladders. Finally, let us consider the N -leg quantum Ising ladders whose hamiltonian is given by 
where σ x,y i,j are Pauli matrices at the i-th leg and j-th rung. The one-dimensional case, i. e. N = 1, has a critical point at λ c = 1 and its critical behavior is described by a conformal field theory with central charge c = 1/2. In order to test the validity of Eq. (3) for the Ising ladders, we have first to determine the critical values of λ N c for each value of N . First, we get the finite-size estimates of λ c (N, L) using the EE as reported in Ref. 32 .
2 , and finally we fit the data to obtain λ N c . As illustration, we present in Fig. 5(a) λ c (N, L) as function of 1/L for the two and three-leg Ising ladders. By fitting our data we obtained λ N c = 1.838, 2.219, 2.443, 2.578, and 2.670 for N = 2, 3, 4, 5 and 6, respectively. It is interesting to note that if we extrapolate these estimates to obtain λ ∞ c , as report in the inset of Fig. 5(a) , we obtain λ 2D c = λ ∞ c = 3.1, which is close to the estimates of the critical point of the two-dimensional quantum Ising model obtained by Monte Carlo [33] (λ 2D c = 3.044) and by the multiscale entanglement renormalization ansatz [34] (λ 2D c = 3.07). The small discrepancy between our estimate and the last ones is very probable associated with the small lattice sizes considered to extrapolate our data.
As in the Heisenberg model, it is expected that N gl = 1 for the critical Ising ladders, and we do not anticipate a violation of the entropic area law for the two-dimensional quantum Ising model. The EE should behave, at the critical point, as S(ℓ = N L/2) = AN + 1 12 ln L + B, for OBC in both directions. In Fig. 5(b) , we present the EE of the Ising ladders at the critical points acquired by DMRG for N = 2, 3 and N = 4. As we can note in this figure, the conjecture proposed [Eq. (3)] also reproduces quite well the scaling behavior of the EE of the critical Ising ladders.
Conclusions. We present an ansatz [Eq. (3)] for the finite-size corrections of the entanglement entropy of critical ladders (associated with spontaneous/discrete continuous symmetry breaking). We verify that the ansatz is able to reproduce quite well the scaling behavior of the entanglement entropy of some critical ladders, mamely: free fermions ladders, Heisenberg ladders and Ising ladders. Preliminary results of the quantum q = 3 Potts ladders (not shown) also corroborate with the scaling behavior of the entanglement entropy proposed. All those results support that the prefactor of the logarithmic correction of the entanglement entropy of two-dimensional critical systems is universal and it is related with central charge of the one-dimensional version of the model as well as the number of branches associated with gapless excitations.
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